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Abstract
We investigate the Lipschitz structure of p and Lp for 0 < p < 1 as quasi-Banach spaces and as metric spaces (with the
metric induced by the p-norm) and show that they are not Lipschitz isomorphic. We prove that the F-space L0 is not uniformly
homeomorphic to any other Lp space, that the Lp spaces for 0 < p < 1 embed isometrically into one another, and reduce the
problem of the uniform equivalence amongst Lp spaces to their Lipschitz equivalence as metric spaces.
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1. Introduction
Very little is known about the nonlinear structure of (infinite dimensional) quasi-Banach spaces and F-spaces. In
general, in the few results found in the literature, authors have treated uniform structure rather than Lipschitz structure.
For example, Enflo [10] proved that Lp[0,1] is not uniformly homeomorphic to Lq [0,1] if 0 < p < 1 < q < ∞ (the
metric in Lp for p < 1 is dp(f,g) =
∫ |f − g|p). In turn, Weston [25] showed that the real F-spaces Lq [0,1] and p
are not uniformly homeomorphic for 0 < p,q < 1. The case p = q = 1 is due to Enflo (unpublished, cf. Benyamini
and Lindenstrauss [6]) and the proof for 0 < p,q < 1 (based on the different “size” of approximate midpoints sets
between two points in each space) is modeled after his. Weston also studies the uniform structure of L0[0,1] in [26]
and obtains that L0 is not uniformly homeomorphic to any (closed) subspace of any Banach space with nontrivial type.
In the recent work [16] of Mendel and Naor, the authors introduce the notion of metric cotype and use it to complete
the characterization of the values of 0 < p,q < ∞ for which Lp[0,1] embeds uniformly into Lq [0,1]. These last two
results are connected to some of the themes of this paper.
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quasi-Banach space which is not a Banach space need not determine its linear structure. This remains an important
open question for separable Banach spaces.
A Lipschitz function from a separable Banach space X to a Banach space Y with the Radon–Nikodym property
is (Gâteaux) differentiable at least at one point. This important theorem, proved independently by Aronszajn, Chris-
tensen, and Mankiewicz [5,8,14], in combination with the simple fact that if a Lipschitz embedding between Banach
spaces is differentiable at some point, then its derivative at this point is a linear into isomorphism, proves the impos-
sibility of Lipschitz embedding q in p if 1 q = p < ∞. It also shows that Lq is not Lipschitz isomorphic to Lp
when 1 q = p < ∞. To see that the differentiation tool is no longer available for F-space valued functions, one can
consider, for instance, the function ϕ(t) = χ[0,t] (i.e., the characteristic function of the interval [0, t]) from the metric
space [0,1] into Lp for 0 < p < 1 equipped with the metric dp(f,g) =
∫ |f − g|p . The function ϕ is an isometry
which does not posses a derivative at any point of [0,1].
Another technique that also fails in non-Banach spaces but was crucial to determine the known results on the
uniform structure of some classical Banach spaces is the so-called Corson–Klee lemma [7] (cf. [6, Proposition 1.11]).
This basic but fundamental fact establishes that a uniformly continuous map ψ from a metrically convex metric space
(X,d) into a metric space (Y,ρ) satisfies a Lipschitz condition (of order 1) for large distances; that is, for any δ > 0
there exists a constant K(δ) so that
ρ
(
ψ(x),ψ(y)
)
K(δ)d(x, y),
for all x and y in X with d(x, y) δ. The problem is that some F-spaces, like for example (p, dp) for 0 < p < 1, are
not metrically convex and hence uniformly continuous maps defined on them satisfy instead Lipschitz conditions for
large distances of order > 1, which is too weak for our purposes.
Let us now describe briefly the contents of this article. After we establish the notation and some preliminary results
in Section 2, in Sections 3 and 4 we study and draw distinctions between the Lipschitz structures of the quasi-Banach
spaces (Lp(μ),‖ · ‖p) and the metric spaces (Lp(μ), dp), respectively, for 0 < p < 1. The reader should note that the
identity map between these spaces is a uniform homeomorphism, and so the spaces (Lp(μ),‖ · ‖p) and (Lp(μ), dp)
are the same in the uniform category!
Section 5 is a self-contained analysis of the uniform structure of L0. Using a rather simple argument we obtain that
L0 is not uniformly homeomorphic to any locally bounded topological vector space. This immediately implies that
L0 cannot be uniformly homeomorphic to any of the Lp spaces for 0 < p ∞. As we mentioned above, appealing to
completely different techniques, Weston [26] obtained that L0 cannot be uniformly homeomorphic to the Lp Banach
spaces with nontrivial type, i.e., when 1 < p.
Section 6 generalizes ultraproduct results of Heinrich and Mankiewicz [12] to a certain class of F-spaces, and then
shows that in order to determine whether the Lp spaces for 0 < p  1 are mutually uniformly homeomorphic it is
enough to study whether they are Lipschitz isomorphic as metric spaces (with the metrics dp induced by the p-norms).
We also prove that if 0 < p,q  1, then (Lp, dp) embeds isometrically in (Lq, dq). Finally, in Section 7 we include a
list of open problems.
The classification of quasi-Banach spaces (or F-spaces) up to Lipschitz isomorphism and uniform homeomorphism
is a practically unexplored area of research within nonlinear functional analysis, and many basic but fundamental
questions remain open. We hope that the remarks contained in this paper bring the reader’s attention to this interesting
and genuine subject.
2. Preliminaries
An F-space is a complete metric linear space. The uniform structure of an F-space X can be given by an F-norm,
i.e., a function ‖ · ‖F : X → [0,∞) with the following properties:
(i) ‖x‖F > 0 if x = 0;
(ii) ‖αx‖F  |α|‖x‖F, whenever |α| 1 and x ∈ X;
(iii) limα→0 ‖αx‖F = 0 for all x ∈ X;
(iv) ‖x + y‖F  ‖x‖F + ‖y‖F, for all x, y ∈ X.
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on X, then dF(x, y) = ‖x −y‖F is a translation invariant metric on X. A countable base of neighborhoods at the origin
for the topology defined on X by the F-norm is given by sets of the form Vn = {x ∈ X: ‖x‖F < 1/n}. A sequence
(xn)
∞
n=1 converges to x ∈ X if and only if ‖xn − x‖F → 0.
A quasi-normed space X is a locally bounded topological vector space. This is equivalent to saying that the topol-
ogy on X is induced by a quasi-norm, i.e., a map ‖ · ‖ : X → [0,∞) satisfying
(i) ‖x‖ = 0 if and only if x = 0;
(ii) ‖αx‖ = |α|‖x‖ if α ∈ R, x ∈ X;
(iii) there is a constant κ  1 so that for any x and y in X we have
‖x + y‖ κ(‖x‖ + ‖y‖). (2.1)
If it is possible to take κ = 1 we obtain a norm. A quasi-norm ‖ · ‖ is called p-norm (0 < p < 1) if it is p-subadditive,
that is, if it satisfies
‖x + y‖p  ‖x‖p + ‖y‖p, x, y ∈ X.
In this case the unit ball of X is an absolutely p-convex set and X is said to be p-convex. A quasi-norm clearly
defines a metrizable vector topology on X whose base of neighborhoods of zero is given by sets of the form {x ∈ X:
‖x‖ < 1/n}, n ∈ N. If such topology is complete we say that (X,‖ · ‖) is a quasi-Banach space. If the quasi-norm is
p-subadditive for some 0 < p < 1, X is said to be a p-convex quasi-Banach space (p-Banach space for short). Let us
notice that a p-subadditive quasi-norm ‖ · ‖ induces an F-norm, and hence an invariant metric topology on X by the
formula dF(x, y) = ‖x − y‖p .
The following result is part of the proof of the Aoki–Rolewicz theorem [4,20], which states that every quasi-normed
space X is p-normable for some 0 < p  1 (i.e., X can be endowed with an equivalent quasi-norm which is p-
subadditive).
Proposition 2.1 (Aoki–Rolewicz). Let (X,‖ · ‖) be a quasi-normed space and 0 < p  1. Suppose that there is a
constant C  1 so that for any {xi}ni=1 in X and any n ∈ N we have∥∥∥∥∥
n∑
j=1
xj
∥∥∥∥∥ C
(
n∑
j=1
‖xj‖p
)1/p
.
Then X is p-normable.
Definition. Let (X,‖ · ‖X) and (Y,‖ · ‖Y ) be (real) quasi-normed spaces. We say that a map f : X → Y is Lipschitz if
there exists a positive constant C so that∥∥f (x) − f (y)∥∥
Y
 C‖x − y‖X, x, y ∈ X.
The least such C is called the Lipschitz norm of f and it is denoted by ‖f ‖Lip. Alternatively, ‖f ‖Lip can be defined
by
‖f ‖Lip = sup
{‖f (x) − f (y)‖Y
‖x − y‖X : x, y ∈ X, x = y
}
.
‖f ‖Lip = ∞ iff f is not Lipschitz.
If f : X → Y is one-to-one and Lipschitz, and f −1 : f (X) → X is Lipschitz, then f is called a Lipschitz embedding
and we say that X Lipschitz embeds in Y . If f is a bijection, and both f and f −1 are Lipschitz, then we say that f
is bi-Lipschitz, and X and Y are called Lipschitz isomorphic. A (not necessarily linear) map U from a quasi-Banach
space (X,‖ · ‖X) into a quasi-Banach space (Y,‖ · ‖Y ) is an isometry if∥∥U(x) − U(y)∥∥
Y
= ‖x − y‖X, x, y ∈ X.
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Banach spaces that takes 0 to 0 is linear, i.e., the linear structure of a Banach space is completely determined by
its isometric structure. The generalization of this result to quasi-Banach spaces can be deduced from the following
theorem of Rolewicz from 1968:
Theorem 2.2. (See [21, Theorem 2].) Let X and Y be two real locally bounded F-spaces with arbitrary F-norms ‖ ·‖F.
If U : X → Y is an onto isometry with U(0) = 0 such that∥∥tU(x) − tU(y)∥∥F = ‖tx − ty‖F, (2.2)
for all positive t and all x, y in X, then U is a linear operator.
Corollary 2.3. Suppose that X is a p-Banach, that Y is a q-Banach space and that 0 < p  q  1. If U : X → Y is a
bijective isometry with U(0) = 0, then U is linear.
Proof. Since p  q , the quasi-norm on Y is also p-subadditive. If ‖U(x)−U(y)‖Y = ‖x − y‖X whenever x, y ∈ X,
then U is also an isometry between the F-spaces (X,‖ · ‖pX) and (Y,‖ · ‖pY ) which satisfies (2.2). Using Theorem 2.2
we conclude that U must be linear. 
Corollary 2.4. Suppose X is a quasi-Banach space. If X is isometric to p (respectively Lp) for some 0 < p < 1, then
X is p-convex and linearly isometric to p (respectively Lp).
In order to obtain the impossibility of having isometries between some classical F-spaces we need another theorem
of Rolewicz on isometries between F-spaces, where the F-norms in question are now concave. Following [22], an F-
norm ‖ · ‖F on X is said to be concave if the function ‖tx‖F is concave for all x in X and all positive t , i.e.,∥∥∥∥ t1 + t22 x
∥∥∥∥
F
 1
2
(‖t1x‖F + ‖t2x‖F), t1, t2  0.
Theorem 2.5. (See [21, Theorem 1], [22, Theorem 9.3.12].) Let X and Y be two real locally bounded F-spaces with
arbitrary F-norms ‖ · ‖F. Let the F-norms in X and Y be concave. Then each isometry U : X → Y such that U(0) = 0
is linear.
As an immediate consequence we can now state the following corollary1:
Corollary 2.6. Let 0 < p < q  1. Then
(i) (Lp, dp) and (Lq, dq) are not isometric.
(ii) (p, dp) and (q, dq) are not isometric.
Proof. It is straightforward to check that the F-norm in Lp (respectively p) is concave and so an isometry between
Lp and Lq (respectively p and q ) must be linear, an absurdity. 
If X is a quasi-normed space, we will consider, as for Banach spaces, the Lipschitz dual of X, Lip0(X), the vector
space of all real-valued Lipschitz functions f defined on X such that f (0) = 0, endowed with the Lipschitz norm
‖f ‖Lip = sup
{ |f (x) − f (y)|
‖x − y‖X : x, y ∈ X, x = y
}
.
It can be readily checked that (Lip0(X),‖ · ‖Lip) is a Banach space, and hence we omit the details.
The proof of Proposition 2.8 will rely on the following well-known fact. We recall that a metric space (M,d) is
said to be metrically convex if for any x and y in M there is z in M with d(x, z) = d(y, z) = 12d(x, y). Such z is a
metric midpoint between x and y in M .
1 The author was made aware by N.J. Kalton that this result appears in [17], where it was obtained in a completely different manner.
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satisfies
ρ
(
f (x), f (y)
)
 Cdα(x, y), x, y ∈ X, (2.3)
for some constants C > 0 and α > 1. Then f is constant.
Proof. Let C be the smallest constant so that (2.3) holds. Given x = y in X we pick z, a metric midpoint between x
and y. Then, by the hypothesis,
ρ
(
f (x), f (z)
)
 Cdα(x, z),
and
ρ
(
f (z), f (y)
)
 Cdα(y, z),
which yields
ρ
(
f (x), f (y)
)
 ρ
(
f (x), f (z)
)+ ρ(f (z), f (y)) 2C
2α
dα(x, y).
Notice that 2C/2α < C because α > 1. This contradicts our choice of C unless C = 0, which forces f to be con-
stant. 
Proposition 2.8. If 0 < p < 1, Lip0(Lp) = {0}.
Proof. Suppose that f ∈ Lip0(Lp), i.e., f (0) = 0 and∣∣f (x) − f (y)∣∣ ‖f ‖Lip‖x − y‖p, x, y ∈ Lp.
Let dp(x, y) denote the distance in Lp induced by the p-norm, i.e., dp(x, y) = ‖x − y‖pp . Then,∣∣f (x) − f (y)∣∣p  ‖f ‖pLipdp(x, y), x, y ∈ Lp,
and so∣∣f (x) − f (y)∣∣ ‖f ‖Lipd1/pp (x, y), x, y ∈ Lp.
It is a known result that (Lp, dp) is metrically convex: given x and y in Lp , the continuity of the function
[0,1] → R, t →
t∫
0
∣∣x(s) − y(s)∣∣p ds
yields t0 ∈ (0,1) such that
∫ t0
0 |x − y|p = 12
∫ 1
0 |x − y|p; thus z = yχ[0,t0] + xχ[t0,1] is a metric midpoint between x
and y in (Lp, dp). Using Lemma 2.7 we deduce that f must be constant and, since f (0) = 0, it must be f = 0. 
3. Lipschitz structure of the quasi-Banach spaces p and Lp for 0 < p < 1
Proposition 3.1. Let (X,‖ · ‖X) and (Y,‖ · ‖Y ) be quasi-normed spaces. If X Lipschitz embeds in Y and Y is q-
normable for some 0 < q  1, then X is also q-normable.
Proof. Suppose that f : X → Y is a Lipschitz embedding with f (0) = 0. Let K be the maximum of the Lipschitz
constants of f and its inverse. Given any {xi}ni=1 in X, for 1 k  n let zk = x1 + · · · + xk and put z0 = 0. Then∥∥∥∥∥
n∑
i=1
xi
∥∥∥∥∥
q
X
= ‖zn − z0‖qX
Kq
∥∥f (zn) − f (z0)∥∥qY
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∥∥∥∥∥
n∑
k=1
(
f (zk) − f (zk−1)
)∥∥∥∥∥
q
Y
Kq
n∑
k=1
∥∥f (zk) − f (zk−1)∥∥qY
K2q
n∑
k=1
‖zk − zk−1‖qX
= K2q
n∑
k=1
‖xk‖qX,
and so by Proposition 2.1 X is q-normable. 
Proposition 3.2.
(i) If 0 < p < q  1, the quasi-Banach space p (respectively Lp) does not Lipschitz embed into the quasi-Banach
space q (respectively Lq ). In fact, neither p nor Lp Lipschitz embed in any q-Banach space.
(ii) Suppose 0 < p < q  1. Then any Lipschitz function from (Lp,‖ · ‖p) to (Lq,‖ · ‖q) is constant.
(iii) Suppose 0 < p < 1 and 0 < q  1. Then any Lipschitz function from (Lp,‖ · ‖p) to (q,‖ · ‖q) is constant. In
particular, Lp does not Lipschitz embed in q .
(iv) A nonnormable quasi-Banach space does not Lipschitz embed in a Banach space.
Proof. (i) If p Lipschitz embedded into q , then p would be q-normable, which is impossible (see [13, Lemma 2.7]).
The corresponding statement for the spaces Lp goes along the same lines since Lp is not q-normable for any p <
q  1 [13, Theorem 2.2].
(ii) Suppose that there is f : Lp → Lq satisfying∥∥f (x) − f (y)∥∥
q
C‖x − y‖p, x, y ∈ Lp,
for some C > 0. This implies∥∥f (x) − f (y)∥∥q
q
Cq‖x − y‖qp = Cq
(‖x − y‖pp)q/p, x, y ∈ Lp.
Since q/p > 1 and the metric space (Lp, dp) is metrically convex, Lemma 2.7 yields that f is constant.
(iii) Let f : Lp → q be a Lipschitz map, and assume that f (0) = 0. Then for any x∗ ∈ ∗q we have that x∗ ◦ f ∈
Lip0(Lp). Proposition 2.8 implies that x∗ ◦ f (x) = 0 for all x ∈ Lp . But ∗q separates the points of q , which forces
f (x) to be 0 for all x ∈ Lp .
Property (iv) is an immediate consequence of Proposition 3.1. 
Remark. Using negative definite kernels, Aharoni, Maurey, and Mityagin [1] have obtained that the quasi-Banach
space Lp embeds isometrically into the quasi-Banach space Lr if 0 < r < p  2 (cf. [6, Proposition 8.8]). By Proposi-
tion 3.1 we see that Lq does not Lipschitz embed in Lp if 0 < q < p  1. We can ask, in turn, which p quasi-Banach
spaces Lipschitz embed in an Lr quasi-Banach space. The p-stable laws give a concrete linear embedding of p
into Lr for 0 < r < p  2. On the other hand, it is well known that r is isometrically isomorphic to a subspace of Lr
for all r . To finish this remark we just need to notice that, by Proposition 3.1, q does not Lipschitz embed in Lr if
0 < q < r  1.
4. Lipschitz structure of (p,dp) for 0 < p < 1
Proposition 4.1. Let 0 < p < q  1. Then:
(i) Any Lipschitz function from (q, dq) to (p, dp) is constant. In particular, the metric space (q, dq) does not
Lipschitz embed in (p, dp).
(ii) (p, dp) Lipschitz embeds in (q, dq).
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p
K‖x − y‖qq, x, y ∈ q,
for some K > 0. Then, for any x∗ ∈ ∗p with ‖x∗‖ = 1 we have∣∣x∗ ◦ ϕ(x) − x∗ ◦ ϕ(y)∣∣ ∥∥x∗∥∥∥∥ϕ(x) − ϕ(y)∥∥
p
K1/p‖x − y‖q/pq , x, y ∈ q.
Fix x ∈ q with ‖x‖q = 1 and consider the metric space Rx = {rx: r ∈ R} with the distance ρ between points sx
and tx in Rx defined as
ρ(sx, tx) = ‖sx − tx‖q = |s − t |, s, t ∈ R.
If we restrict the map x∗ ◦ ϕ to Rx we obtain∣∣x∗ ◦ ϕ(tx) − x∗ ◦ ϕ(sx)∣∣K1/p|t − s|q/p, t, s ∈ R.
Notice that (Rx,ρ) is metrically convex and that q/p > 1, so by Lemma 2.7, x∗ ◦ ϕ is constant on Rx.
Now take any two different nonzero elements x and y in q . Both 0 and x belong to R x‖x‖ . Analogously, both 0
and y belong to R y‖y‖ . Thus,∣∣x∗ ◦ ϕ(x) − x∗ ◦ ϕ(y)∣∣ ∣∣x∗ ◦ ϕ(x) − x∗ ◦ ϕ(0)∣∣+ ∣∣x∗ ◦ ϕ(0) − x∗ ◦ ϕ(y)∣∣= 0,
i.e., x∗ ◦ ϕ(x) = x∗ ◦ ϕ(y). But ∗p separates the points of p , thus ϕ(x) = ϕ(y), i.e., ϕ must be constant.
(ii) Let us see that for every 0 < p < 1, (p, dp) Lipschitz embeds in (1, d1). To that end, we will first show that
R equipped with the metric dp(s, t) = |s − t |p Lipschitz embeds into the space 1(1) of all sequences of scalars
(xnk)
∞
n,k=−∞ such that ‖(xnk)∞n,k=−∞‖1 =
∑∞
n,k=−∞ |xnk| < ∞ with the metric induced by that norm. This metric on
1(1) will be denoted (without confusion with the corresponding metric on 1) by d1.
For every integer −∞ < n < ∞, we let fn be the piecewise linear function supported on the interval [0,1/2n−1]
having a node at 1/2n with fn(1/2n) = 2−np and so that fn(0) = fn(1/2n−1) = 0. That is,
fn(s) =
⎧⎪⎨
⎪⎩
2n
2np s if s ∈ [0, 12n ],
− 2n2np (s − 12n−1 ) if s ∈ [ 12n , 12n−1 ],
0 otherwise.
Now for every k ∈ Z we consider the translation of fn given by
fn,k(s) = fn
(
s − k − 1
2n+1
)
, s ∈ R.
We shall see that the map
f : (R, dp)→ (1(1), d1), s → (fn,k(s))∞n,k=−∞
is a Lipschitz embedding.
Given any pair of points s, t ∈ R, pick the largest N ∈ Z so that
|s − t | = α2−N for some α ∈ [1/2,1].
Let k ∈ Z be so that either s or t or both are in the support of fN,k . Then for the integers nN we write∣∣fn,k(s) − fn,k(t)∣∣= 2n(1−p)|s − t | = 2n(1−p)|s − t |p|s − t |1−p
= 2n(1−p)|s − t |pα1−p2−(1−p)N
= 2(1−p)(n−N)α1−p|s − t |p.
If n > N we have∣∣fn,k(s) − fn,k(t)∣∣ 2−np
= 2(N−n)p2−Np
= 2(N−n)pα−p|s − t |p.
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∞∑
n=−∞
∣∣fn,k(s) − fn,k(t)∣∣= ∑
nN
∣∣fn,k(s) − fn,k(t)∣∣+ ∑
n>N
∣∣fn,k(s) − fn,k(t)∣∣

(
α1−p
∑
nN
2(1−p)(n−N) + α−p
∑
n>N
2(N−n)p
)
|s − t |p

(
21−p
21−p − 1 +
2p
2p − 1
)
|s − t |p.
Notice that for each fixed n ∈ Z, the points s and/or t belong to the support of a finite and uniform number N0  8 of
functions fn,k1 , fn,k2 , . . . , fn,kN0 . Thus we obtain a Lipschitz estimate for f ,
d1
(
f (s), f (t)
)= ∥∥f (s) − f (t)∥∥1 =
∞∑
n=−∞
∞∑
k=−∞
∣∣fn,k(s) − fn,k(t)∣∣
N0
(
21−p
21−p − 1 +
2p
2p − 1
)
|s − t |p.
To obtain the reverse Lipschitz estimate, let us pick the largest k ∈ Z so that both s and t belong to the support
of fN,k . By symmetry, without loss of generality we can assume that k = 1, and to simplify our discussion we will
suppose that s < t .
By our definition of k, s must lie in the interval [0, 12N+1 ) whereas t cannot lie in the same interval because
|s − t |  12N+1 by choice of N . Hence t belongs to the interval [ 12N+1 , 32N+1 ] because |s − t |  12N . So one has two
cases to consider for “separating” s and t with a suitable function fN,j .
Case 1. If t ∈ [ 12N+1 , 12N ], then fN,1 does the job,
∣∣fN,1(t) − fN,1(s)∣∣= 2N2Np |s − t | = 2
N
2Np
|s − t |p|s − t |1−p
 1
2
|s − t |p.
Case 2. If t ∈ ( 12N , 32N+1 ], then fN,2 will serve our purpose. Indeed, taking into account that now s falls out of the
support of fN,2 and that t − 12N+1 > 12N+1 ,
∣∣fN,2(t) − fN,2(s)∣∣= 2N2Np
(
t − 1
2N+1
)
>
2N
2Np
1
2N+1
 1
2
|s − t |p.
Summing up, given any points s and t in R, we can find integers N and k (both depending on s and t) so that
∣∣fN,k(s) − fN,k(t)∣∣ 12 |s − t |p,
hence
d1
(
f (s), f (t)
)
 1
2
dp(s, t), s, t ∈ R.
We gave an explicit Lipschitz embedding of (R, dp) in (1(1), d1). Now it readily follows that (p, dp) Lipschitz
embeds in (1(1(1)), d1), which is isometric to (1, d1).
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considering as initial step for each integer n the function
fn(s) =
⎧⎪⎨
⎪⎩
2n
2np/q s if s ∈ [0, 12n ],
− 2n2np/q (s − 12n−1 ) if s ∈ [ 12n , 12n−1 ],
0 otherwise.

Corollary 4.2. The spaces (p, dp) and (q, dq) are not Lipschitz isomorphic when 0 < p = q  1.
Remark. Notice that if 0 < q , then (Lq, dq) does not Lipschitz embed in (p, dp) when 0 < p  1: suppose that
ϕ : Lq → p satisfies a Lipschitz condition∥∥ϕ(x) − ϕ(y)∥∥p
p
K‖x − y‖qq, x, y ∈ Lq,
for some K > 0. We compose ϕ with x∗ ∈ ∗p of norm ‖x∗‖ 1 to obtain∣∣x∗ ◦ ϕ(x) − x∗ ◦ ϕ(y)∣∣ ∥∥x∗∥∥∥∥ϕ(x) − ϕ(y)∥∥
p
K1/p
(‖x − y‖qq)1/p, x, y ∈ Lq.
Since (Lq, dq) is a metrically convex space and ∗p separates the points of p , Lemma 2.7 yields that ϕ must be
constant. This argument actually shows that if (M,d) is a metrically convex space, any Lipschitz function from
(M,d) to (p, dp), 0 < p < 1, must be constant.
5. Uniform nonequivalence of L0 and Lp (0 < p∞)
Let L0 be the space of Lebesgue-measurable functions on [0,1], with the usual convention of identifying functions
equal almost everywhere, equipped with the F-norm
‖f ‖0 =
∫ |f (t)|
1 + |f (t)| dt.
The topology induced by the L0-metric is just the topology of convergence in measure. Clearly, L0 is a nonlocally
bounded F-space.
Lemma 5.1. Given δ > 0 there is an integer N = N(δ) such that for any f and g in L0 there exist functions f =
f0, f1, . . . , fN−1, fN = g in L0 such that ‖fj − fj−1‖0 < δ, for j = 1, . . . ,N .
Proof. Without loss of generality we take f = 0. Given δ > 0 we pick N = [1/δ] + 1 and functions f0 = 0 and
fj = gχ[0, j
N
] if 1 j N . Then
‖fj − fj−1‖0 =
j
N∫
j−1
N
|g(t)|
1 + |g(t)| dt 
1
N
< δ. 
Proposition 5.2. Let X be a locally bounded topological vector space. If ϕ : L0 → X is a uniformly continuous map,
then the range of ϕ is a bounded set in X.
Proof. The metric topology on X is induced by a quasi-norm ‖ · ‖, which can be assumed p-subadditive for some
0 < p  1 by the Aoki–Rolewicz theorem. The uniform continuity of ϕ yields δ > 0 so that for any f1, f2 ∈ L0 with
‖f1 − f2‖0 < δ we have ‖ϕ(f1) − ϕ(f2)‖p < 1.
Given any f ∈ L0, by Lemma 5.1 we take 0 = f1, f2, . . . , fN = f ∈ L0 (where N depends only on δ) with
‖fj − fj−1‖0 < δ for j = 1, . . . ,N . Then
∥∥ϕ(f )∥∥p =
∥∥∥∥∥
N∑
j=1
ϕ(fj−1) − ϕ(fj )
∥∥∥∥∥
p

N∑
j=1
∥∥ϕ(fj ) − ϕ(fj−1)∥∥p < N. 
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is not uniformly homeomorphic to Lp for 0 < p ∞.
6. The spaces Lp for 0 < p 1. Reduction from uniform to Lipschitz isomorphism
Ultraproduct techniques appear in a natural way, and have played a decisive role, in the reduction of some questions
on uniform classification of Banach spaces to the Lipschitz category, as can be appreciated by reading [6, Chapter 10,
Section 1].
To define the ultrapower of a p-Banach space (0 < p < 1) or an F-space, one just has to mimic the steps from the
Banach space case. We will next give an outline of this construction that will suffice for our purposes and invite the
unfamiliar reader to consult, for instance, the books [2] or [9] for ultraproducts of Banach spaces, and the article [24]
for ultraproducts of F-spaces.
Let (X,‖ · ‖X) be a p-Banach space (0 < p  1) and U a nonprincipal (or free) ultrafilter on N. The ultrapower
of X with respect to U , denoted (X)U , is the quotient space ∞(X)/c0,U (X), where
∞(X) =
{
(xn)
∞
n=1 ⊂ X: sup
n∈N
‖xn‖X < ∞
}
,
and c0,U (X) is the closed subspace of ∞(X) of all sequences (xn)n∈N with limU ‖xn‖X = 0.
The quotient space ∞(X)/c0,U (X) is a p-Banach space with the p-norm∥∥(xn)n∈N∥∥= limU ‖xn‖X.
Schreiber [24] proved that the Lp spaces are stable under ultrapowers when 0 < p < 1, in the sense of the following
proposition. The case p = 1 is in [11].
Proposition 6.1. (See [24, Proposition 3.6].) Let 0 < p  1. Given a nonprincipal ultrafilter U on N, there exists a
(nonatomic) measure space (Ω,Σ,μ) so that (Lp)U is linearly isomorphic and order isometric to Lp(Ω,Σ,μ).
The next result is a generalization to a certain class of F-spaces of a theorem by Heinrich and Mankiewicz [12].
Theorem 6.2. Let (X,‖ · ‖) be an r-Banach space (0 < r  1) whose induced metric dX(x1, x2) = ‖x1 − x2‖r is met-
rically convex on X and let (Y,‖ ·‖) be a p-Banach space (0 < p  1) whose induced metric dY (y1, y2) = ‖y1 −y2‖p
is metrically convex on Y . Assume that X is uniformly homeomorphic to Y . Then, for any nonprincipal ultrafilter U
on N, the ultrapowers (X)U and (Y )U are Lipschitz isomorphic with the metrics induced by their respective quasi-
norms.
Proof. Let f : X → Y be a uniform homeomorphism, and assume that f (0) = 0. Since both (X,dX) and (Y, dY ) are
metrically convex, by the Corson–Klee lemma both f and f −1 satisfy a Lipschitz condition for large distances, i.e.,
there is a constant K > 0 so that
1
K
‖x − y‖r  ∥∥f (x) − f (y)∥∥p K‖x − y‖r (6.1)
for all x, y ∈ X with ‖x − y‖r  1.
For each n ∈ N let us consider the function
fn(x) = 1
n1/p
f
(
n1/rx
)
, x ∈ X.
The modulus of continuity of fn is bounded by that of f . Indeed, by the uniform continuity of f , given  > 0 there is
δ = δ() so that whenever ‖a−b‖r < δ, then ‖f (a)−f (b)‖p < . Since (X,dX) is metrically convex, given any x, y
in X we can find points n1/rx = x0, x1, . . . , xn = n1/ry in X with ‖xk −xk−1‖r = ‖x −y‖r < δ for each k = 1, . . . , n.
Then ∥∥fn(x) − fn(y)∥∥p = 1∥∥f (n1/rx)− f (n1/ry)∥∥pn
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n
∥∥∥∥∥
n∑
k=1
f (xk−1) − f (xk)
∥∥∥∥∥
p
 1
n
n∑
k=1
∥∥f (xk−1) − f (xk)∥∥p < .
This actually shows that (fn)∞n=1 is equicontinuous.
Let x and y in X and suppose that ‖x − y‖r  1/n for some n ∈ N, i.e., ‖n1/rx − n1/ry‖r  1. Then, Eq. (6.1)
yields∥∥f (n1/rx)− f (n1/ry)∥∥p K∥∥n1/rx − n1/ry∥∥r = Kn‖x − y‖r ,
or equivalently,∥∥∥∥f (n1/rx)n1/p − f (n
1/ry)
n1/p
∥∥∥∥
p
K‖x − y‖r .
We conclude that∥∥fn(x) − fn(y)∥∥p K‖x − y‖r , whenever ‖x − y‖r  1/n. (6.2)
We can now show that if (xn)n∈N is a bounded sequence in X, then (fn(xn))n∈N is a bounded sequence in Y .
Suppose that supn ‖xn‖  1. Then, on one hand, thanks to the equicontinuity of (fn)∞n=1, there exists δ > 0 so that‖fn(xn)‖p  1 whenever ‖xn‖r < δ. On the other hand, by (6.2), ‖fn(xn)‖p K if ‖xn‖r  1/n. The only elements
from the sequence (xn)∞n=1 that have not yet been taken care of are the ones from the set F = {n ∈ N: δ  ‖xn‖r <
1/n}, which is finite; put c = maxn∈F ‖fn(xn)‖p . This way we have∥∥fn(xn)∥∥p max{1,K, c}, n ∈ N.
Thus given a free ultrafilter U on N, the natural map between the ultrapowers of X and Y through U ,
F : (X)U → (Y )U , (xn)n∈N →
(
fn(xn)
)
n∈N
is well defined. We will show that F is a Lipschitz map (with constant at most K) from (X)U to (Y )U regarded as
metric spaces, with the distances induced by their respective quasi-norms.
To that end, let x = (xn)∞n=1 and y = (yn)∞n=1 be two different points in (X)U . Let us pick δ > 0 so that‖f (a) − f (b)‖p  K limU ‖xn − yn‖r whenever ‖a − b‖r < δ. As we have seen before, this also implies that
‖fn(a) − fn(b)‖p  K limU ‖xn − yn‖r for all n. The set {n ∈ N: δ  ‖xn − yn‖r  1/n} does not belong to the
ultrafilter U . If n is such that ‖xn − yn‖r < δ we argued that∥∥fn(xn) − fn(yn)∥∥p K limU ‖xn − yn‖r ,
and if ‖xn − yn‖r  1/n, by (6.2) we have∥∥fn(xn) − fn(yn)∥∥p K‖xn − yn‖r .
Whence,∥∥F(x) − F(y)∥∥p = lim
U
∥∥fn(xn) − fn(yn)∥∥p K limU ‖xn − yn‖r = K‖x − y‖r .
To complete the proof, we would follow the previous steps and define G : (Y )U → (X)U via the functions
gn(y) = 1
n1/r
f −1
(
n1/py
)
, y ∈ Y.
G is a Lipschitz map (with constant no bigger than K) from (Y )U to (X)U regarded as metric spaces, with the
distances induced by their respective quasi-norms, and it is the inverse of F . 
We can now use this result to reduce the problem of uniformly classifying the spaces Lp and Lq when 0 < p <
q  1 to a corresponding problem in the Lipschitz category (cf. Ribe’s theorem [19], which appears as Corollary 10.3
in [6]):
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isomorphic (as metric spaces, with the metrics induced by the p-norm and the q-norm, respectively).
Proof. Assume Lp and Lq are uniformly homeomorphic. Then, by Theorem 6.2, given a nonprincipal ultrafilter U
on N, (Lp)U is Lipschitz isomorphic to (Lq)U . Proposition 6.1 yields nonatomic measure spaces (Ω,Σ,μ) and
(Ω ′,Σ ′, ν) such that (Lp)U and (Lq)U are linearly isomorphic and order isometric to Lp(μ) and Lq(ν), respectively.
Hence there is a bijection and bi-Lipschitz map S : Lp(μ) → Lq(ν).
Now we first pick a closed nonatomic separable sublattice X1 of Lp(μ). It follows that X1 must be isometrically
isomorphic to Lp[0,1] and that S(X1) is a separable subset of Lq(ν). Let Y1 be the closed nonatomic (separable)
sublattice of Lq(ν) generated by the functions in S(X1). Y1 is isometrically isomorphic to Lq [0,1]. Next we take the
smallest closed nonatomic separable sublattice X2 in Lp(μ) that contains the subset S−1(Y1) and repeat this procedure
recurrently. This way we obtain two increasing sequences of closed nonatomic separable sublattices X1 ⊂ X2 ⊂ · · · in
Lp(μ) and Y1 ⊂ Y2 ⊂ · · · in Lq(ν) so that S(⋃∞n=1 Xn) =⋃∞n=1 Yn. Hence we have a Lipschitz isomorphism between⋃∞
n=1 Xn and
⋃∞
n=1 Yn, which are separable sublattices isometric to Lp[0,1] and Lq [0,1], respectively. 
Aharoni, Maurey, and Mityagin [1] have shown that a linear metric space embeds uniformly into a Hilbert space
if and only if it is linearly isomorphic to a subspace of L0. In particular, Lp embeds uniformly into L2 if and only if
0 < p  2. In the proof of our last result, Proposition 6.5, we will see that, in fact, the metric linear space (Lp, dp) for
0 < p < 1 embeds isometrically in L2. The key ingredient in the proof is the following theorem by Schoemberg [23]
that relates negative definite kernels to mappings into a Hilbert space. For background on negative definite kernels we
refer the reader to [6, Chapter 8, Section 1].
Theorem 6.4 (Schoemberg’s Theorem). Let N(x,y) be a real-valued kernel on a set X satisfying N(x,x) = 0 for
every x ∈ X. Then N is negative definite if and only if there is a Hilbert space H and a map T from X into H such
that
N(x,y) = ∥∥T (x) − T (y)∥∥2 for all x, y ∈ X.
Proposition 6.5. Suppose 0 < p,q  1. Then (Lp, dp) embeds isometrically in (Lq, dq).
Proof. We will see that (i) Lp embeds isometrically in L1, and that (ii) L1 embeds isometrically in Lq .
(i) The function N(s, t) such that N(s, t) = |s − t |2 is a normalized negative definite kernel on R × R, hence for
each 0 < p < 1 the function Np(s, t) = |s − t |2p is also a negative definite kernel (see [6, Example (iii), p. 186]).
Schoenberg’s theorem yields a map f : R → L2 such that Np(s, t) = |s − t |2p = ‖f (s) − f (t)‖22 for all s, t ∈ R, and
so R equipped with the metric dp(s, t) = |s − t |p embeds isometrically in L2(R). Since L2(R) embeds isometrically
into L1(R) we have an isometric embedding of (R, dp) into L1(R). It follows that Lp(R) embeds isometrically in the
space L1(R;L1(R)) of all functions f : R → L1(R) such that ‖f ‖ =
∫
R
‖f ‖1 < ∞ with the metric induced by this
norm. The conclusion follows from the fact that L1(R;L1(R)) is isometric to L1 and that Lp(R) is isometric to Lp .
To show (ii), let us notice that the map given by f (s) = χ(0,s) for s  0 and f (s) = χ(s,0) for s < 0 embeds
isometrically R with its usual metric into (Lq(R), dq). Thus L1(R) embeds isometrically into L1(R;Lq(R)), which
is isometric to Lq(R). It follows that L1 embeds isometrically in Lq and so by part (i), it follows that Lp embeds
isometrically in Lq . 
7. Final remarks and open problems
It is clear that our work leaves many questions unanswered. Some of them are very well-known problems to the
analysts working in the nonlinear classification and have already been formulated and published previously. In any
case, we have decided to restate them here for reference, since they motivated our results and seem the natural road to
take for further research in this direction.
Proposition 3.2(iv) immediately yields that a nonnormable quasi-Banach space cannot be Lipschitz isomorphic to
a normed space. In connection with this, one of the most important questions is:
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space?
Enflo [10] proved that the answer to this problem is negative when the Banach space has roundness greater than
one. Prassidis and Weston [18] have replaced roundness by the more general notion of metric type and showed that if
a Banach space X with metric type greater than one is uniformly homeomorphic to a locally bounded linear space Y ,
the uniform Banach group structure induced on X by the uniform homeomorphism is uniformly dissipative and Y is
normable.
A different problem is suggested by Corollary 2.4:
Problem 7.2. Assume X is a quasi-Banach space Lipschitz isomorphic to p (respectively Lp). Is X linearly isomor-
phic to p (respectively Lp)?
To complete the list (which we started in Proposition 3.2) of the q quasi-Banach spaces that embed into another
p quasi-Banach space we need to answer the following question:
Problem 7.3. Does the quasi-Banach space p for 0 < p < 1 contain a subset Lipschitz isomorphic to q if q > p?
In Section 4 we saw that the metric spaces (p, dp) are not Lipschitz isomorphic for different p < 1. The following
are important well-known related problems:
Problem 7.4. (See [6, p. 407].) Are the spaces p for 0 < p  1 mutually uniformly homeomorphic?
Problem 7.5. Does the metric structure of p for 0 < p < 1 determine its linear structure?
Problem 7.6. (See [6, p. 407].) Are the spaces (Lp, dp) for 0 < p  1 mutually Lipschitz isomorphic?
We came up with this last problem in Section 6 when we transferred to the Lipschitz category the question of
whether the Lp spaces for p < 1 are mutually uniformly homeomorphic.
Problem 7.7. Does the Lipschitz structure of (Lp, dp) for 0 < p < 1 determine its linear structure?
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